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a b s t r a c t
Recent advances in coupling novel optimization methods to large-scale computing problems have opened the door to tackling a diverse set of physically realistic engineering
design problems. A large computational overhead is associated with computing the cost
function for most practical problems involving complex physical phenomena. Such problems are also plagued with uncertainties in a diverse set of parameters. We present a novel
stochastic derivative-free optimization approach for tackling such problems. Our method
extends the previously developed surrogate management framework (SMF) to allow for
uncertainties in both simulation parameters and design variables. The stochastic collocation scheme is employed for stochastic variables whereas Kriging based surrogate functions are employed for the cost function. This approach is tested on four numerical
optimization problems and is shown to have signiﬁcant improvement in efﬁciency over
traditional Monte-Carlo schemes. Problems with multiple probabilistic constraints are also
discussed.
Ó 2010 Elsevier Inc. All rights reserved.

1. Introduction
The literature is replete with optimization techniques, both gradient-based and derivative-free, that are tailored for a speciﬁc set of problems. However, many of these optimization techniques are not applicable for problems involving complex
physics due to numerical challenges, noise, and/or lack of gradient information. In large-scale simulation-based design problems, it is not uncommon for the computation of the cost function (which involves running a simulation of the physical process) to take hours or even several days.
The focus of this work is to develop a computational optimization technique that can be seamlessly applied to stochastic
physical problems for which evaluating cost functions involves signiﬁcant computational expense. In particular, we are
interested in complex systems that require large-scale computation of partial differential equations (PDEs) during the design
process. Examples of such problems include ﬂuid ﬂow applications (groundwater ﬂow in porous media [1], ﬂow over aerodynamic structures [2]), solid mechanics (robust design of forming processes [1]), biological applications (design of surgical
procedures [3]), atomistic simulations, and ﬂuid-structure interaction (FSI) problems. Surrogate models have also been used
to successfully accelerate evolutionary algorithms [4]. In this paper we present an expanded version of the derivative-free
surrogate management framework (SMF) that incorporates stochastic capabilities for robust design.
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1.1. Stochastic PDEs
In many complex systems, it is essential to account for uncertainties and quantify the propagation of uncertainties from
system inputs to outputs. Uncertainties can be present in different forms such as geometry, material properties, input
parameters or boundary conditions. A number of numerical schemes are available for quantifying uncertainties. One of
the ﬁrst established methods was the Monte-Carlo (MC) sampling technique [5]. MC’s popularity originated from its nonintrusive nature, and dimension-independent convergence properties. However, MC is plagued with extremely slow convergence rates, and it is usually impractical for complex PDE optimization problems due to computational expense.
In this work, we use the concept of stochastic spaces for representing and quantifying random variables [6]. This concept
has been used successfully in many engineering approaches over the past two decades. Similar to space and time being seen
as dimensions, randomness is seen as an additional dimension. Initially, the Generalized Polynomial Chaos (GPCE) approach
(spectral expansion of variables in stochastic space) was used successfully to tackle problems involving uncertainties [7,8].
However, one disadvantage of this technique is the need to solve a coupled set of resultant matrix equations in the random
domain. The non-intrusive spectral projection method generates approximations by sampling the polynomials in GPCE using
latin hypercube sampling technique. Recently, a stochastic collocation scheme was developed in which simulations are performed at speciﬁc collocation points in the stochastic space [9–11]. This technique combines the exponential convergence
rates of the GPCE scheme with the decoupled nature of Monte-Carlo techniques. It is non-intrusive and can be used with
legacy codes or in situations where source code is not available. Another similar technique is the probabilistic collocation
(PC) method [12], where Lagrange interpolating polynomials are employed. Collocation points and weights are computed
based on the input probability density function (PDF) and Gauss-quadrature rules are computed through the Golub–Welsch
algorithm. While the simplest means for extension to multiple stochastic dimensions is the tensor-product rule, sparse grids
can also be used with PC techniques. As we deal with arbitrary continuous PDFs and are interested in higher order statistical
moments, techniques such as ANOVA (analysis of variance) and DoE (design of experiments) are not applicable here. Therefore, in the present work we employ sparse grid stochastic collocation with the Smolyak algorithm.
1.2. Stochastic optimization
In developing an optimization method suitable for PDE problems with uncertainty, there are several important considerations that must be addressed. First, for time-dependent PDE problems, obtaining gradient information can pose formidable
challenges. Specialized numerical methods such as differentiable mesh movement schemes have been used for computing
gradients in ﬂow problems. However, the complexity of geometries and unstructured meshes common in such problems
makes it difﬁcult to evaluate gradients without signiﬁcant noise (error). Although there has been impressive success with
adjoint methods, they present challenges in unsteady ﬂow problems because of the need to store large time histories. Finite
difference techniques are often prohibitively expensive and subject to non-trivial numerical noise. Automatic differentiation
schemes pose difﬁculties with shape optimization problems. Techniques for computing sensitivities using complex variables
[13] are also infeasible since a number of sensitivity equations need to be solved, and they are not applicable for shape sensitivities. As a result, we devise an algorithm based on a derivative-free optimization technique.
In coupling a stochastic method to optimization, efﬁciency is a key consideration. The advent of efﬁcient collocation
methods has led to the recent development of stochastic gradient-based tools for performing optimization [1,14,15] that signiﬁcantly improve efﬁciency compared to Monte-Carlo methods. Techniques for performing stochastic inverse problems
[16] have also been recently developed. However, despite this progress, there remains a large class of problems with expensive simulation-based cost functions for which gradient-based methods are impractical.
Keeping the above issues in mind, we present a derivative-free optimization method that is well suited for computationally expensive stochastic problems. Our technique couples surrogate pattern search techniques with a stochastic collocation
scheme, and does not require any gradient information. In this work, we present a coupled framework employing the surrogate management framework (SMF) [17], mesh adaptive direct search methods (MADS) [18] and the stochastic collocation
technique [9]. The stochastic SMF method relies on convergence theory of derivative-free pattern search methods for optimization and the stochastic collocation theory for convergence of the cost function. Deterministic SMF has been used successfully in unsteady ﬂuid mechanics problems [2,3], helicopter rotor blade design [17], and in multi-objective liquid-rocket
injector design [19].

Table 1
Nomenclature for the optimization framework.
Term

Description

design variable
parameter
stochastic or uncertain
inputs
outputs

unknown entities that are to be computed through optimization
given values that are used as inputs to the PDE
preﬁx to denote that an entity is not known with certainty
entities necessary to solve the PDE
post-processed entities obtained from the solution of the PDE
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Some of the nomenclature used in this paper is described in Table 1. For example, some design variables for beam design
problems are geometrical variables (width, height, thickness) and choice of material. Typical simulation input parameters for
such problems are forces and moments acting on the beam, and material properties such as Young’s modulus. Bold mathematical symbols refer to vectors throughout. In this paper, we will analyze two situations: (Case 1) the parameters are stochastic but design variables are deterministic or (Case 2) both, the parameters and design variables needs to be computed. In
problems with insufﬁcient knowledge about the parameter, techniques such as the Maximum Entropy scheme [20–22] can
be used to yield the PDF of parameters. The paper is organized as follows. In Section 2, we discuss some mathematical formalism and background of the techniques developed. In Section 3, we describe the stochastic-surrogate based optimization
scheme. In Section 4, we provide implementation details of the scheme, in Section 5, we show some convergence proofs, and
follow it up with some numerical examples in Section 6.
2. Mathematical background
We employ a stochastic collocation scheme that uses Lagrange polynomials for interpolation in the stochastic space. We
ﬁrst detail the formalism for the stochastic collocation scheme and then provide details of the optimization algorithm.
2.1. Stochastic collocation scheme
A probability space is speciﬁed as ðX; F ; PÞ, where X is the sample space of elementary events, F is the r-algebra F  2X
and P is a probability measure. The r-algebra consists of all allowed permutations of the basic outcomes in X [23].
A discrete random variable is deﬁned as one that maps each point on the sample space to a scalar probability measure
that takes values between 0 and 1. A continuous random variable is deﬁned as one that maps each inﬁnitesimal region
on the sample space to a scalar probability measure. In short, a real-valued random variable X can be written as
X : ðX; F ; PÞ#R. For notational convenience, a random variable will be denoted as XðXÞ#R where X denotes ðX; F ; PÞ.
In this paper, instead of dealing with PDFs directly, we use the concept of stochastic spaces in our numerical solutions.
Stochastic space is the space of n ¼ ½n1 ; n2 ; . . . ; nN  where ni represents either uniform or normally distributed random variables. Any construct on the stochastic space has an unique PDF associated with it. A ﬁnite dimensional random support space
is described by its truncated descriptor (random vector) n so that,

n ¼ ½n1 ; n2 ; . . . ; nN  : X ! RN ;

ð1Þ

where the dimensionality N of the stochastic support space is problem dependent. We denote the approximations to a function g by gðx; t; nÞ.
In the collocation scheme, the stochastic space is approximated using mutually orthogonal interpolating functions. To
P
represent a function at any point in the stochastic space, the function gðx; t; nÞ is written as gðx; t; nÞ ¼ M
i¼1 gðx; t; ni ÞLi ðnÞ
where Li ðÞ are the orthogonal interpolating polynomials and M is the number of collocation points.
2.1.1. Construction of interpolating polynomials for one-dimensional random variable:
We denote the interpolant to a function f as I f . The interpolant constructed using the function values at n distinct points
is denoted as I n f . The interpolant, I n f is chosen to ensure that the error induced by utilizing this interpolant goes to 0 as the
number of collocation points increases. For a Chebychev node based interpolating polynomial, kf  I n f k1 6 Cnk logðnÞ
where n denotes the number of collocation points, f 2 Ck , that is, the kth derivative of f is continuous. In general, for onedimensional functions, Gauss points and Chebechev points have the least interpolation error [24]. The results of simulations
always contain noise (due to numerical convergence) and this can limit the order of interpolating polynomial. Higher order
polynomials can oscillate if this error is signiﬁcant.
2.1.2. Extension to multi-dimensional randomness – the Smolyak algorithm:
A trivial means to extend the above-mentioned scheme for multi-dimensions is by constructing a simple tensor product
space. However, this is subject to the curse of dimensionality as the number of collocation points grows exponentially. As a
result, we employ computationally efﬁcient schemes of approximating the stochastic space. The Smolyak algorithm is a
method for computing the collocation points.
The Smolyak algorithm reduces the number of collocation points necessary for interpolation in multi-dimensional random space. This has been explained in [10] in which the sparse grid interpolant is given as:

As;N ðf Þ ¼

X
sNþ16jij6s

ð1Þsjij 



N1
si



 ðI i1      I iN Þðf Þ;

ð2Þ

with AN1;N ¼ 0; i ¼ ði1 ; . . . ; iN Þ and jij ¼ i1 þ . . . þ iN . Denoting Di ¼ I i  I i1 as the incremental interpolant, the Smolyak
interpolation can be written as:

As;N ðf Þ ¼

X
X
ðDi1      DiN Þðf Þ ¼ As1;N ðf Þ þ
ðDi1      DiN Þðf Þ;
jij6s

jij¼s

ð3Þ
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which has the error bounded as:

kf  As;N ðf Þk ¼ OðM 2 jlog 2 Mj3ðN1Þ Þ;

ð4Þ

where M is the number of interpolation points.
Further details of the algorithm are given in [24–26]. Algorithms for integration based on sparse grids are provided in
[27]. Collocation points constructed using Smolyak’s algorithm in a two-dimensional stochastic space are shown in Fig. 1.
3. Optimization framework
3.1. The surrogate management framework for deterministic problems
In this section, we review some mathematical preliminaries required for the surrogate management framework (SMF) for
optimization of deterministic functions. This technique has been discussed in [28] but we summarize important aspects for
the sake of completeness. This technique was originally introduced by Booker et al. [17] and belongs to a general class of
pattern search optimization methods. There are a number of techniques that rely on approximating the cost function including neural networks, response surface techniques, and polynomial-based statistical regression. An advantage of the SMF
optimization scheme is that it has a well-established convergence theory and uses a surrogate function that could, if
required, be tailored according to the problem.

a

b

c

d

Fig. 1. The ﬁgure shows (a) stochastic collocation points in a two-dimensional stochastic space using a level-4 depth of interpolation and (b) level-6 depth
of interpolation. (c) Shows the function g() which is a sum of two Gaussian distributions, N ð2; 0:2Þ and N ð1; 0:1Þ. The PDF of g is shown in (d).
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In this work, we use Kriging surrogate functions, which were originally employed in the ﬁeld of geostatistics, to interpolate the cost function using measurements at speciﬁc points. It is to be noted that the stochastic model associated with Kriging is not related to the input uncertainties. Kriging functions ensure smoothness in interpolation and do not have sharp
variations that are prevalent in polynomial interpolation. The Kriging function has enjoyed wide popularity in diverse engineering ﬁelds. The unknown function is written as a linear combination of its value at speciﬁc points and is computed by
minimizing the variance of the predicted error. The cost function is mathematically described using Kriging functions
[29] by matching its values at select locations. Combined with the stochastic collocation approach that interpolates the cost
function in the stochastic domain using Lagrange polynomials, we represent the function in its entirety using its values at
speciﬁc points.
The SMF algorithm is based on two fundamental tasks - SEARCH and POLL. The SEARCH step uses the surrogate to identify
one or more points that are likely to improve the cost function. The POLL step consists of a local exploration in the space of
d.v.s, and provides the convergence framework for the algorithm. The SMF algorithm constructs an initial surrogate. We employ the latin hypercube sampling (LHS) technique that distributes the initial set of d.v.s so that they maximally avoid each
other [30]. While any other problem speciﬁc sampling technique can be substituted, we choose LHS since it provides a good
distribution over the space of design variables. As we show later, this does not affect the convergence properties of our optimization algorithm. The SEARCH step optimizes the surrogate to predict the location of one or more minimizing points. The
true cost function is then evaluated at these points. For the range of surrogate points used for examples in this paper, the cost
of searching the surrogate is negligible compared to the cost of running a simulation. The SEARCH may also include additional points as desired (such as points at maximum mean squared error for model improvement) as long as they belong
to a discretization of the space of variables called the mesh. The mesh is reﬁned as the algorithm evolves. The SEARCH is
considered successful if an improved cost function value is found, at which point the surrogate is updated, and another
SEARCH step is performed. The SEARCH is considered unsuccessful if it fails to ﬁnd an improved point, and a POLL step is
performed. The basis for convergence of the SMF algorithm is given by the POLL step. In the POLL step, the function is evaluated at a set of mesh points that form a positive spanning set of directions in order to evaluate whether the current best
point is a mesh local optimizer. A set of at least n þ 1 POLL points are required to generate a positive basis, where n is
the number of optimization parameters. In this work, the POLL set is chosen using the mesh adaptive direct search (MADS)
[18] algorithm.
We present a detailed convergence analysis in Section 5. This uses the results of some convergence proofs given in [18].
Our proof is also inﬂuenced by earlier work on pattern search convergence theory by Audet and Dennis [31,32] and Torczon
[33]. We refer the interested reader to [3,28] for details on the deterministic optimization technique.
For constrained optimization problems, several approaches are available. With the extreme barrier approach [18], the
cost function values at infeasible points are set to inﬁnity. In other approaches, a constraint violation function, H is deﬁned
where H 6 0 represents the feasible region while H > 0 represents the infeasible region. In the ﬁlter approach [28,32], an
infeasible point x0 is considered ﬁltered, or dominated, if there is an infeasible point x for which HðxÞ 6 Hðx0 Þ and
JðxÞ 6 Jðx0 Þ, where J represents the cost function. A ﬁlter is deﬁned as the ﬁnite set of non-dominated infeasible points found
so far. At any iteration of the algorithm, the best feasible point and the least infeasible point (infeasible point with least constraint violation function value) are identiﬁed. In this technique, the conditions for the SEARCH and POLL steps to be considered successful rely on the ﬁlter, rather than the cost function value alone (algorithmic and implementation details are
found in [28]). In the recent progressive barrier approach [34], any trial point whose constraint violation function exceeds
a threshold are deemed infeasible. The threshold value is reduced as the algorithm evolves. In this paper, we use the ﬁlter
approach, but the algorithm is ﬂexible enough to incorporate any of the above methods without restriction.
3.2. Stochastic optimization scheme
The general constrained stochastic optimization problem is formulated as follows,

minimize Jðz; yðnÞÞ;
z

subject to z 2 Q;
dv

where J : R

dv

X

ð5Þ

! R is the cost function, and z is the vector of design variables (d.v.s) in the domain Q deﬁned as follows:

1. If the d.v.s are deterministic, then

Q ¼ fz 2 Rdv jl 6 z 6 u; Mðgðz; yðnÞÞÞ 2 Sg:
2. If the d.v.s are stochastic, then

Q ¼ fz 2 Rdv  Xdv jl 6 z 6 u; Mðgðzðnz Þ; yðny ÞÞÞ 2 Sg:
In the above, y represents stochastic parameters. nz and ny represent the corresponding discretized stochastic spaces and
n ¼ nz  ny . The functional MðÞ represents moments or any integral over the probability space and can be over any non-linear function g, and S  X. l and u denote the upper and lower bounds on the problem d.v.s.
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A deterministic black box takes in deterministic inputs and returns deterministic outputs. We deﬁne a stochastic black
box as taking an input PDF and generating the deterministic cost function J (which is usually composed of moments or statistic such as conﬁdence intervals of the output r of the embedded deterministic black box). The deterministic black box
might consist of legacy or binary codes, and we create a wrapper around this to generate the stochastic black box as shown
in Fig. 2. Note that r can represent more than one output. In practice, to obtain the output of the stochastic black box, multiple runs of the deterministic PDE solver are usually required.
We ﬁrst describe the algorithm for a problem with no constraints and deterministic d.v.s and then generalize to include
the constraints and stochastic d.v.s.
3.3. Stochastic optimization algorithm
Deterministic d.v.s
The procedure described below is very similar to the deterministic scheme described in [28] since only parameters are
considered stochastic. The critical difference occurs in step (b). In the algorithm, the mesh deﬁnes a discretization of the
space of d.v.s. These d.v.s are forced to lie on the nodes of the mesh, which is gradually reﬁned.
1. SEARCH
(a) Identify a ﬁnite set T k of trial points on the mesh.
P
(b) Evaluate Jðxsearch ; yðnÞÞ ¼ Jðxsearch ; Ni¼1 yðni ÞLi ðnÞÞ for all trial points xsearch 2 T k .
(c) If Jðxsearch ; yðnÞÞ < Jðxk ; yðnÞÞ for any trial point xsearch in T k , then a lower cost function value has been found, and the
SEARCH is successful. Set xkþ1 ¼ xsearch , increment k and go back to (a).
(d) Else, if no trial point in T k improves the cost function, the SEARCH is unsuccessful. Go to the POLL step.
2. POLL
(a) Choose a set of positive spanning directions, and form the POLL set X k as the set of mesh points adjacent to xk .
(b) If Jðxpoll ; yðnÞÞ < Jðxk ; yðnÞÞ for any point xpoll 2 X k ðnÞ, then a lower cost function value has been found and the POLL is
successful. Set xkþ1 ¼ xpoll , increment k and go to the SEARCH step.
(c) Else, if no point in X k improves the cost function, the POLL is unsuccessful.
(i) If convergence criteria are satisﬁed, a converged solution has been found. STOP.
(ii) Else, reﬁne the mesh, increment k and go to the SEARCH.
This algorithm is similar to the deterministic optimization scheme due to the non-intrusive nature of the stochastic collocation algorithm. The stochastic interpolates are built in the second step of the algorithm.
Stochastic d.v.s
In the case where the stochastic collocation problem has uncertain d.v.s, the stochastic space is deﬁned as
X ¼ XðzÞ  XðyÞ where XðyÞ is a known stochastic space based on stochastic parameters and XðzÞ is an unknown stochastic
space to be determined. Following [14], we can assume without any loss of generality that nz s are deﬁned on the support for
the standard uniform variable. Any arbitrary distribution can be deﬁned in this space. The stochastic optimization algorithm
involves the following changes:
 Replace T k by T k ðnz Þ. Step 1(a) is replaced by: Identify a ﬁnite set T k ðnzi Þ of trial points on the mesh for all collocation points
i of the parameters z.
 Replace xsearch by xsearch ðnz Þ, and yðnÞ by yðny Þ.
 Replace xpoll by xpoll ðnz Þ, and X k by X k ðnz Þ.
In this algorithm, each of the collocation points in the d.v. space is associated with a mesh. Since the cost function is
dependent on the values of parameter and d.v. at each collocation point, it is important to store this vector at each iteration. Further, if the cost function involves, for example, only expectation of some function, then there will be multiple PDF
of d.v.s which will give us the same optimal cost function. A schematic of the stochastic optimization algorithm is shown
in Fig. 3.

Fig. 2. The ﬁgure shows a schematic of a stochastic black box.
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Fig. 3. The ﬁgure shows a schematic of the SMF optimization algorithm employing the stochastic collocation technique.

3.4. Hierarchical stochastic optimization algorithm
A hierarchical technique can be employed for performing stochastic optimization. This algorithm cannot be used for the
problems in which the collocation points deﬁne the space of d.v.s. The optimization algorithm is initially run with a coarse
depth of interpolation, dl and the following steps are employed.
1. Set depth of interpolation, d ¼ dl , usually a coarse value.
2. Perform the optimization steps given in Section 3.1. Terminate if the optimal solution point of the last two iterations is
the same.
3. Increment the depth of interpolation, d ¼ d þ 1. Set the initial trial points to be the ﬁlter points (non-dominated points) of
the previous optimization run. Modify the domain of the SEARCH step based on extreme Filter points. Go to step 2. (The
ﬁlter points can be replaced with trial points that have the least cost function value for unconstrained optimization
problems.)
This algorithm will perform well if the lower depths of interpolation give an approximate picture of the stochastic variation of the cost function. In the worst case, it will reduce to the algorithm given in Section 3.1 (as exempliﬁed in one of the
example problems). This happens when the stochastic space construct of the cost function is not smooth and will need a very
accurate construct to compute either the cost function or constraints.
4. Implementation
The main advantage of the stochastic collocation technique is its non-intrusive nature, i.e., it can be seamlessly wrapped
over existing deterministic algorithms. Hence, the interpolation in the stochastic space is built independently on top of the
Kriging interpolation of the cost function. The code was implemented in MATLAB with the following steps:
1. The collocation points are ﬁrst evaluated based on the stochastic dimensions as well as the depth of interpolation. The
sparse grid toolkit spinterp [26] is employed for this purpose.
2. If moments are to be computed, the weights corresponding to each collocation point is computed by integrating the
Lagrange functions over the stochastic space
3. The SMF optimization algorithm makes repeated calls to the cost function to update the surrogate function. The DACE
Matlab Toolbox [35] is used for Kriging. The cost function now employs the stochastic collocation points as well as corresponding weights for its evaluation. The rest of the details of the SMF algorithm remain the same.
When coupled with the SMF framework, the total number of evaluations of the function is signiﬁcantly reduced compared to traditional techniques like Monte-Carlo. The simulation is performed at collocation points and the sparse grid toolkit is used to interpolate and construct the stochastic space. The PDF is computed by sampling the stochastic space using MC
(which takes negligible computational expense compared to the cost of running a simulation) and binning (constructing a
histogram). The cost function, J and constraints are evaluated from this PDF.
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5. Convergence analysis
In this section, we discuss details of the convergence of the stochastic algorithm. We split the discussion into three parts.
First we show that the interpolated cost function (using collocation in the stochastic domain and Kriging in the deterministic
parameter space) converges to its true value under a speciﬁc set of conditions. Second, we show that the unconstrained optimization algorithm generates a stationary point using the generalized pattern search (GPS) technique, and then extend it to
the SMF algorithm using MADS. Finally, we discuss convergence of the constrained optimization algorithm using the ﬁlter
approach.
5.1. Convergence of the interpolated function
The analysis relies on the deﬁnition of stochastic sensitivities.
Deﬁnition 5.1. Stochastic sensitivities are deﬁned as the change in output when the PDF of the d.v.s is perturbed. The
sensitivity ﬁeld (directional derivative) Hr ðzðnz Þ; yðny ÞÞ DDzðnz Þ rðzðnz Þ; yðny ÞÞ is deﬁned to be the linear part in the Taylor
expansion of the process rðzðnz Þ; yðny ÞÞ i.e.

rðzðnz Þ; yðny Þ; Dzðnz ÞÞ ¼ rðzðnz Þ; yðny ÞÞ þ DDzðnz Þ rðzðnz Þ; yðny ÞÞ þ OðkDzk2 Þ:

ð6Þ

For convenience, the sensitivities are denoted as HrDz .
We show below that sensitivities can be deﬁned using perturbations of stochastic collocation coefﬁcients (which preserves normality [1]).
The following observations will be useful for deriving our main results. The cost function J is related to the input parameters through the output of the deterministic black box, r, and therefore:

@J
@J @ rðni Þ
¼
:
@zðni Þ @ rðni Þ @zðni Þ

ð7Þ

Furthermore, we can write the stochastic sensitivities for J provided HJ Dz 2 C0 for piecewise linear interpolates, and
HJDz 2 CNz for Lagrange polynomials.

HJDz ¼

Nz
X
i¼1

Nz
X
@J
@J @ rðni Þ
Li ðnÞ ¼
Li ðnÞ:
@zðni Þ
@ rðni Þ @zðni Þ
i¼1

ð8Þ

rðni Þ
This will be used for making conclusions on HJ Dz based on results for @@zðn
.
iÞ R
The norm of a stochastic function, f ð:; nÞ, is deﬁned as gðÞ kf ð:; nÞks ¼ f ð:; nÞpðnÞdn.
The variance of a random variable satisﬁes v arðxÞ ¼ Eðx2 Þ  ðEðxÞÞ2 P 0. If v arðxÞ ¼ EðxÞ ¼ 0 for a variable random x, then
Pðx – 0Þ ¼ 0. This will be useful to show that inﬁmum of the iterates generated by our algorithm attains a point-distribution
centered at 0.
With this background, we now show convergence properties on the optimization algorithm.

Theorem 5.1. Suppose that (a) J 2 C0 for piecewise linear stochastic interpolates and (b) J 2 CNy þNz for Lagrange interpolates. Then
as the number of Kriging samples, N y and N z goes to inﬁnity, the interpolated cost function bJ converges to its true value

kbJ  Jk ! 0:
Proof. Based on the construction of interpolates, the function bJ is given by

bJðx; yÞ ¼

Ns
X

Jðzi ðnz Þ; yðny ÞÞsi ðxðnz ÞÞ;

i¼1

where N s represents the number of Kriging samples (which we use for interpolation of the cost function in parameter space)
and si represent the Kriging weights corresponding to an arbitrary parameter x. Employing stochastic interpolation of the
cost function using the collocation approach, we have:

bJðx; yÞ ¼

Ny
Nz X
Ns X
X
i¼1

Jðzi ðnzj Þ; yðnyk ÞÞsi ðxðnz ÞÞLj ðnÞLk ðnÞ:

j¼1 k¼1

Using the triangle inequality, ka þ bk 6 kak þ kbk, we have

kJðx; yÞ  bJðx; yÞk 6 kJðx; yÞ  J k þ kJ  bJðx; yÞk;
where J is chosen as J ¼

PNz PNy
j¼1

y
z
k¼1 Jðxðnj Þ; yðnk ÞÞLj ðnÞLk ðnÞ.

error is bounded by the additive summation of errors as:

ð9Þ
In a similar fashion, the spaces Lj and Lk can be split and the
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3ðdz 1Þ
3ðdy 1Þ
kJ  J k 6 CN 2
þ CN2
;
z jlog 2 N z j
y jlog 2 N y j

ð10Þ

where dy and dz represent the stochastic dimensions of the known variables and unknown parameters respectively. As N z
and N y tend to 1; kJ  J k ! 0. Eq. 10 follows from [24]. The second term is given by

kJ  bJk 6

Ny
Nz X
X

kRj;k k

Z

Lj ðnÞLk ðnÞpðnÞdn;

ð11Þ

j¼1 k¼1

where Rj;k ¼ Jðxðnzj Þ; yðnyk ÞÞ 

Ns
X

Jðzi ðnzj Þ; yðnyk ÞÞsi ðxðnz ÞÞ:

i¼1

By virtue of Kriging interpolation, as the number of Kriging samples N s increases, kRj;k k ! 0.
Using Eqs. (9)–(11), we have:

kJ  bJk ! 0:



We now show convergence of the stochastic optimization procedure. We ﬁrst show convergence on GPS in Section 5.2,
and then extend to the SMF procedure using MADS in Section 5.3. Before that, we note some properties of the sensitivities
and moments of r.
nþm
; m ¼ 1; 2.
Note 5.2. If HrDz 2 C n , then Hrm
Dz 2 C

In the equation above, rm
Dz denotes the mth moment of the stochastic sensitivities. Essentially, continuity properties on
the function in the stochastic space imposes sufﬁcient continuity properties on the probability density function itself. This
is because arbitrary moments are at least C0 continuous.
5.2. Stochastic unconstrained optimization with pattern search
Initially, we assume that

rðni Þ 2 C1 as was assumed by Torczon [33]. We later lift some of the constraints on r.

Theorem 5.3. Let the stochastic sensitivities HrDz be deﬁned on the neighborhood of a compact set Lðz0 Þ. Then for the sequence of
iterates that the GPS algorithm produces xk ðnÞ, we have

lim inf kHrm
Dz k ¼ 0 m ¼ 1; 2
k!1

where the superscript m denotes the moment of stochastic sensitivities.
Proof. We represent the moments of the stochastic sensitivities using the collocation approach [1] as:

Hrm
Dz ¼

Nz
X

Hrm
Dzðni Þ Li ðnÞ:

i¼1

where HrDzðni Þ are the deterministic sensitivities computed by perturbing the parameters at the collocation points [1]. Using
the triangle inequality and since wi P 08i,

kHrm
Dz k 6

Nz
X

kHrm
Dzðni Þ k

Z

Li ðnÞpðnÞdðnÞ ¼

i¼1

Nz
X

wi kHrm
Dzðni Þ k:

ð12Þ

i¼1

Using Theorem 3.5 in [33], we have lim inf k!1 kHrm
Dzðni Þ k ¼ 0. This theorem holds here since HrDzðni Þ is deterministic and the
update of parameters at each collocation point coincides with the update technique of the GPS algorithm. Let the iterate at
0
which kHr2Dzðni Þ k ¼ 0 be k . At this iterate, owing to the semi-positiveness of the variance of r, we have:


2
kHr2Dzðni Þ k  kHr1Dzðni Þ k P 0 and therefore kHr1Dzðni Þ k ¼ 0:

Hence, the inﬁmum for both the moments occur together. Also since the norm is always positive, we have

0 6 lim inf kHrm
Dz k 6
k!1

Nz
X
i¼1



wi lim inf kHrm
k
¼ 0:
Dzðni Þ
k!1

Hence, we have lim inf k!1 kHrm
Dz k ¼ 0.

h

Corollary 5.4. The stochastic sensitivity ﬁeld satisﬁes:

ð13Þ
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lim inf kHrDz k
k!1
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0:

Proof. The proof directly follows from Theorem 5.3. Since the mean and the variance of the stochastic sensitivities are zero,
the stochastic sensitivity ﬁeld is identically zero. h
Theorem 5.5. Let the stochastic sensitivities HrDz be deﬁned on the neighborhood of a compact set Lðz0 Þ. Assume the columns of
the generating matrix [33] are bounded in norm for each collocation point ni , (i.e.) limk!1 Dk ðni Þ ¼ 0 and that the GPS method
enforces the Strong hypotheses on exploratory moves. Then for the sequence of iterates that the algorithm produces xk ðnÞ, we have

lim kHrm
Dz k ¼ 0 m ¼ 1; 2:

k!1

Proof. Using Theorem 3.6 in [33], we have limk!1 kHrm
Dzðni Þ k ¼ 0. Since the norm is always positive and using Eq. 12, we
have:

0 6 lim kHrm
Dz k 6
k!1

Nz
X



wi lim kHrm
Dzðni Þ k ¼ 0:
k!1

i¼1

ð14Þ

Hence, we have limk!1 kHrm
Dz k ¼ 0. The interpretation of Torczon’s convergence proof for the stochastic algorithm is that g
can be chosen differently at different collocation points, (i.e.) g ¼ gðnÞ. Another interpretation is by choosing  in Torczon’s
paper as  ¼ min ðnÞ over all points in the stochastic space. h
Corollary 5.6. The stochastic sensitivity ﬁeld satisﬁes:

lim kHrDz k

k!1

0:

Proof. The proof directly follows from Theorem 5.5. Since the mean and variance of the stochastic sensitivities are zero, the
stochastic sensitivity ﬁeld is identically zero. h
In Theorems 5.3 and 5.5, we showed convergence on the ﬁrst two moments of the stochastic sensitivities using convergence proofs published for the deterministic problem given in [33].
Theorem 5.7. The stochastic sensitivity of the cost function, HJ Dz is identically zero for a sufﬁciently large k.

lim kHJ Dz k

0:

k!1

ð15Þ

Proof. The chain rule for the cost function ensures that:

HJDz ¼

X
i

@J @ rðni Þ
Li ðnÞ:
@ rðni Þ @zðni Þ

ð16Þ

rðni Þ
From Corollary 5.6, the stochastic sensitivities of r are zero, hence @@zðn
¼ 0. Therefore, we can conclude that HJ Dz ¼ 0. h
iÞ
The convergence analysis presented here is restricted to unconstrained GPS algorithms. We have assumed that rðni Þ 2 C1 .
We will ﬁrst extend the proof to MADS polling for all Lipschitz functions, and then discuss optimization with constraints.

5.3. Stochastic unconstrained optimization with MADS polling
Audet and Dennis [31] showed that some restrictions on the GPS techniques can be removed. Some of their important
results for ^
x, the limit point of a reﬁning subsequence using the GPS algorithm are:
 If

r is Lipschitz near ^x, then Clarke’s generalized derivatives satisfy

r ð^x; dÞ

lim sup

rðy þ tdÞ  rðyÞ
t

y!^x;t#0

P0

for a subset of directions d 2 D that form a positively spanning basis.
x, then the directional derivatives satisfy
 If r is regular at ^

r0 ð^x; dÞ

lim
t#0

rð^x þ tdÞ  rðyÞ
t

P0

for a subset of directions d 2 D that form a positively spanning basis.
x, then rrð^
xÞ ¼ 0.
 If r is strictly differentiable at ^
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By virtue of the deﬁnition of the generalized derivatives, and the proof of Theorem 3.7 in [31], we can show that at a speciﬁc collocation point:

r ð~xðni Þ; dðni Þ P lim sup

rðxk ðni Þ þ Dk dðni ÞÞ  rðxk ðni ÞÞ

k2K

Dk

8i:

The main difference between GPS and MADS is that we choose a dense set of searching directions in MADS (called polling). In this case, the set D approaches a dense set as the mesh is reﬁned [18]. Hence, with the MADS algorithm, D Rn . A
detailed proof, showing that the MADS algorithm produces a constrained Clarke stationary point for Lipschitz functions
(which becomes a stationary point for strictly differentiable functions) is given in [18]. Following these proofs, we outline
a proof for stochastic MADS polling that is analogous to the proof for stochastic GPS. We ﬁrst expand the ﬁrst two moments
of r and its sensitivities using Lagrange interpolates as:

rmDz ¼

Nz
X

rmDzðni Þ Li ðnÞ m ¼ 1; 2:

i¼1

For the stochastic SMF algorithm, the deterministic proofs can be applied directly to the moments at stochastic collocation
points, rm
Dzðni Þ . The deterministic proofs can be extended to their stochastic counterparts in the spirit of the proofs for Theorems 5.1 through 5.5. By showing that any arbitrary moment converges, we conclude that the PDF converges. Hence, the SMF
stochastic optimization technique with MADS converges to a stochastic stationary point for strictly differentiable functions
(a stochastic Clarke stationary point for Lipschitz functions).
5.4. Stochastic constrained optimization with MADS polling
Different techniques are available for implementing constraints with the GPS techniques which include – (a)
extreme barrier approach where the cost function value is set to 1 outside the feasible region, (b) the ﬁlter method
[32] which accepts a trial point if it either improves feasibility or cost function value, and (c) a progressive barrier
approach where a constraint barrier is constantly evolved [34]. Convergence proofs for GPS with the extreme barrier
approach for linear and bound constraints were given by Lewis and Torczon [36,37] for continuously differentiable
functions. Audet and Dennis [32] propose the ﬁlter method for general constraints and proved convergence with
xðni Þ; dðni ÞÞ P 0 for all reﬁning
the GPS technique. Their main convergence result shows that for any Lipschitz r, r ð~
xÞ, the tangent cone in the feasible domain at the limit
d generated by the GPS algorithm and such that d 2 Tðx; ~
point ~
x.
The progressive barrier method for imposing constraints with MADS polling has shown to possess stronger convergence
properties [34]. However, no convergence proof has been published yet for the MADS technique with the ﬁlter approach. An
attempt for such a proof is beyond the scope of this article. We feel that the choice of ﬁlter approach is justiﬁed based on
some of the results (ﬁlter plots) obtained in this paper. In the future, we also plan to implement the progressive barrier approach [38] which possesses a good convergence theory.
6. Numerical examples
The ﬁrst two numerical examples are reliability-based problems in mechanics that are motivated by the examples treated
in [15].
6.1. Problem 1: stochastic optimization with probabilistic constraints – robust beam design
In this example, we explore the efﬁciency of the technique for a four stochastic dimensional problem. In addition, probabilistic inequality constraints are imposed on the problem.
Problem statement
This problem is based on a robust design problems involving beams. The objective is to minimize the cost associated with
construction of the beam while certain failure-based criterion must be adhered to for desirable performance. In addition,
there are diverse sources of uncertainties such as material uncertainties (Young’s modulus, yield stress etc.) or uncertainties
in boundary conditions (loads, displacements). The problem is posed mathematically as :

minimize wh
w;h
Z
such that
IðrðnÞ  rc ÞpðnÞdn 6 pf
Z
IðdðnÞ  dc ÞpðnÞdn 6 qf
16w64
1 6 h 6 4;
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where I() represents the indicator function and takes the value 1 when its argument is greater than 0 and is 0 otherwise. The
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 2  2
Fy
600
600
4L3
F
þ
F
;
r
¼
R;
d
¼
þ wF x2 and dc ¼ D0 . F x and F y repremaximum stress in the beam, r, is given by r ¼ wh
y
c
2
Ewh
w2 h x
h2
sent the x and y direction forces, rc represents a critical value of stress based failure which is a material property, d represents the displacement, L is a characteristic length, E represents Young’s modulus, and dc represents critical displacement. w
and h are the width and height respectively (and the d.v.s), and the objective is to minimize weight of the beam. The uncertain or stochastic variables are R ¼ N ð40000; 2000Þ; E ¼ N ð2:9e7; 1:45e6Þ; F x ¼ N ð500; 100Þ and F y ¼ N ð1000; 100Þ. Deterministic parameters include L ¼ 100 in and D0 ¼ 2:2535 in. N ðl; r2 Þ represents a Gaussian distribution with mean l and
variance r2 pf and qf are set to 105 .
To solve this problem, a four stochastic dimensional sparse grid was constructed ﬁrst. This was constructed using the
Smolyak algorithm on a ½0; 14 hypercube. Using the inverse-cdf transformation of the normal distribution, this was converted into R4 space. Different levels of interpolants were tested to check how the stochastic SMF optimization algorithm
performed. The parameters of the SMF algorithm were ﬁxed through all the cases for the stochastic interpolation. The termination criterion for optimization is when the MADS mesh reﬁnement parameter reaches a critical value of d ¼ 1=32.
The constraints are incorporated into the
algorithm using a ﬁlter
method that has been described in [28].
 optimization
R

R
IðrðnÞ  rc ÞpðnÞdn  pf and c2 ¼
IðdðnÞ  dc ÞpðnÞdn  qf , we deﬁne the constraint violation function
Denoting, c1 ¼
H as:

H ¼ Iðc1 Þjc1 j þ Iðc2 Þjc2 j:
H quantiﬁes how much the constraints are violated and is non-zero only if one of the constraints is violated. Any number of
constraints can be encompassed within H by summation. We enforce strong constraint conditions which means H must
equal zero for any acceptable solution.
The constraints are evaluated using the stochastic collocation technique as follows:

Z

IðrðnÞ  rc ÞpðnÞdn ¼

Z

I

X

!

rðni ÞLi ðnÞ  rc pðnÞdn;

i

Z

IðdðnÞ  dc ÞpðnÞdn ¼

Z

I

X

!
dðni ÞLðnÞ  dc pðnÞdn:

i

The solution vectors and the cost function associated with them are shown in Table 2.
As observed in the table, we note that it is not mathematically possible to distinguish between two d.v. vectors that give
the optimal cost function while satisfying the constraints. Convergence of the cost function is achieved with increasing depth
of interpolation as shown in Fig. 4. The reason for the slow convergence is because tails of the PDF are used to compute the
constraints and an accuracy greater than 3r is required to capture the constraint violation. Fig. 5 shows the PDF of the value
of constraint violation plotted on its sample space. A better approach will be to adapt the collocation points according to the
function which has been attempted in [39]. A plot of the objective and the constraint violation function through the algorithm is depicted in Fig. 6. A satisfactory solution is obtained with depth of interpolation 3, and a modest further improvement is made in level 7. The optimal d.v. computed w ¼ 2:38; h ¼ 3:36 using the ﬁnal interpolation depth 7 is indeed a
feasible point.
6.2. Problem 2: stochastic constraint optimization
In this example, we explore how input PDFs that are non-normal/uniform can be captured in the optimization procedure.
This problem has the same physical motivation as the previous problem. We include non-normal PDFs here.
Problem Statement: The problem is posed as follows :

minimize bh
b;h
Z
such that
IðgðnÞ  g c ÞpðnÞdn 6 g f
5 6 b 6 15
15 6 h 6 25;
where I() represents the indicator function and takes the value 1 when its argument is greater than 0, and is 0 otherwise. The
P2
function g is given by g ¼ 1  bh4M
2  2 2 2 and g c ¼ 0. The uncertain or stochastic variables are: the load P ¼ N ð500; 100Þ,
Y
b h Y
the external moment M ¼ N ð2000; 400Þ and Young’s modulus Y ¼ lognð5; 0:5Þ. The design variables are the width b and
the height h, and the objective is to minimize weight. g f is set to 105 .
Collocation points are constructed in a 3D stochastic space using Smolyak’s algorithm. Increasing levels of interpolants
were tested to assess the performance of the stochastic optimization algorithm. This test problem reveals the performance
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Table 2
A tabulation of the optimal solutions computed at different depths of sparse grid interpolation for Problem 1. We note that there are multiple parameter vectors
providing the same cost function, hence the solution vectors are different though the cost is identical and constraints are satisﬁed. ”Hierch” denotes the
hierarchical optimization algorithm. The total number of evaluations is high since we need an exact representation of the entire PDF with four stochastic
dimensions (to capture the probabilistic constraints accurately). With this technique, even level 2 interpolation gives a solution close to the optimal.
Depth of interp.

No. colloc. pts

Best feas. pt.

Opt. cost fn

Tot. fn. eval.

2
3
5
7
Hierch
MC

41
137
1105
7537
NA
100000

(2.2,3.85)
(2.35,3.42)
(2.46,3.26)
(2.38,3.36)
(2.38,3.36)
(2.38,3.36)

8.47
8.03
8.03
8.01
8.01
8.01

2419
8905
72930
550201
359336
8400000

8.5

Optimal cost function

8.4

8.3

8.2

Monte Carlo solution
8.1

8

7.9

1

2

3

4

5

6

7

Depth of interpolation
Fig. 4. Convergence of best feasible solutions for different depths of interpolation for Problem 1 with multiple probabilistic constraints. The optimal
solution computed using the Monte-Carlo technique is shown with a dashed line.

of our technique when the initial surrogates are a poor approximation due to extremely sharp variations in the function. Similar to the previous example problem, we deﬁne a constraint function H as:

H ¼ Iðc3 Þjc3 j;
R

where c3 ¼
IðgðnÞ  g c ÞpðnÞdn  g f . H quantiﬁes the magnitude of constraint violation. The constraint is evaluated using
stochastic collocation technique in a similar fashion to the previous problem.

Z

IðgðnÞ  g c ÞpðnÞdn ¼

Z

I

X

!
gðni ÞLi ðnÞ  g c pðnÞdn:

i

The stochastic SMF technique with ﬁltering was employed to compute the optimal solution as shown in Table 3. Due to the
lognormal nature of the distribution of Y, the constraints cannot be captured using small to moderate depths of interpolation.
Hence, levels 2, 4 and 6 showed the absence of any feasible region owing to poor interpolation of the function. We observe
that as we further reﬁne the stochastic space, we are able to capture the optimal solution. In fact, at level 10, the optimal
point violated the constraint by less than 0.3% and the optimal value is shown to be less than that computed using
Monte-Carlo technique. A plot of the constraint function violation versus the cost function is depicted in Fig. 7.
The number of evaluation points in Tables 1 and 2 are very large and it may not be feasible to perform as many function
evaluations in practical engineering problems. Techniques such as adaptive collocation [39] can be used to improve the efﬁciency, but the reduction in number of collocation points is problem speciﬁc. Hence, depending on the problem, this might
not represent an accurate picture of the stochastic SMF algorithm. We show here that we can build accuracy by increasing
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Fig. 5. The ﬁgure shows PDF of how much the stresses exceed their critical values normalized with rc . The PDF of the sample space where constraints are
violated is shown in the inset.

filtered
best feasible
unfiltered
least infeasible

8.4

J (cost function)

8.2

8

7.8

7.6

7.4

0

2

4

6

8

10

12

14

H (constraint violation function)
Fig. 6. A plot of the cost function versus the constraint violation function for Problem 1.

the depth of stochastic interpolation. One advantage of the ﬁlter method is that the user can specify a tolerance for the constraint function and at the cost of accuracy, stop the simulations after a reasonable improvement in design solution is
achieved. Since these were benchmark problems, we enforce the constraint conditions to match exactly. In practical engineering design problems, the goal often lies in a signiﬁcant improvement of the cost function rather than computing the exact optima, and the number of evaluations will be signiﬁcantly less in practice.
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Table 3
Optimal solutions at different depths of sparse grid interpolation for Problem 2 are shown. For depths of interpolation less than 10, no feasible points were
found due to poor interpolation at certain regions in the stochastic space. Finally, at the depth of interpolation 10, optimal solutions are captured.
Depth of interp.

No.colloc. pts

Best feas. pt.

Opt. cost fn

Tot. fn. eval.

2
4
6
10
Hierch
MC

25
177
1073
32001
NA
500000

–
–
–
(5,19.5)
(5,19.5)
(5,19.75)

–
–
–
97.5
97.5
98.75

1250
10089
59015
1856058
1760055
25000000

125
120

filtered
best feasible
unfiltered
infeasible

115

J (cost function)

110
105
100
95
90
85
80
75
70
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

H (constraint violation function)
Fig. 7. A plot of the cost function versus the constraint violation function for Problem 2.

6.3. Problem 3: optimization with stochastic d.v.s
In this problem, we present an example in which the d.v.s themselves can be PDFs.

Problem statement
The governing DE for heat conduction equation in any crust can be expressed as:



 z
d
dT
K
¼ AðzÞ ¼ A0 exp  ;
dz
dz
D

ð17Þ

where K represents thermal conductivity, T represents temperature, z represents the depth, D represents the characteristic
depth and AðzÞ is an exponential radiogenic heat source. The solution to the one-dimensional heat conduction problem is
given analytically by [40]:

T ¼ T0 þ




 z z
Q
A0 D 2
L
 exp 
:
zþ
1  exp 
K
D
D
D
K

ð18Þ

In the stochastic inverse heat conduction problem, a PDF of temperature is provided and the PDF of heat ﬂux is to be computed. The problem we solve is representative of a stochastic inverse thermal problem [1] in which we typically employ data
(such as Temperature) to reconstruct some parameter (such as heat ﬂux at the boundary). We also show that multimodal
PDFs can be accurately captured by this technique by analyzing two scenarios - an unimodal heat ﬂux and a bimodal heat
ﬂux.
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R
The cost function is given by J ¼ ðT  T measured Þ2 pðnÞdn. The d.v.s are the heat ﬂux at speciﬁc collocation points. We assume that no information other that the solution to the direct problem (computing temperature given a heat ﬂux) is available. The unknown parameter space is modeled using a single stochastic variable (it has been shown in [10] that even if the
actual stochastic dimension of the heat ﬂux is more than one, its PDF can always be captured using one stochastic variable).
Of course, as the PDF becomes complex, more collocation points are needed which means the stochastic problem will reduce
to a high dimensional deterministic optimization problem. The deterministic parameters used in this problem are
T 0 ¼ 0 C; K ¼ 2:5 W m1 C1 ; A0 ¼ 20 lW m3 ; D ¼ 10 km; L ¼ 35 km and z at which temperature is measured is 20 km.
The recomputed heat ﬂux for the unimodal case is shown in Fig. 8. Due to the unimodal nature of the heat ﬂux, even the
level-1 sparse grid interpolant with three points is able to approximately capture the PDF and with nine stochastic points (at
level 3), the PDF of heat ﬂux is captured almost exactly.
The results for the bimodal case (Fig. 9) are in stark contrast to case 1. In this case, the level-2 sparse grid interpolant (ﬁve
points) is not able to capture the heat ﬂux. We notice that only with a interpolation level of around 8 (257 points), are we
able to accurately capture the actual PDF. This conﬁrms that the required depth of interpolation depends on the underlying
PDF to be constructed. Yet, with sufﬁcient computational resources, the stochastic SMF optimization technique can capture
arbitrary PDFs having multiple modes.
6.4. Problem 4: concentration reconstruction
Our ﬁnal example is a porous media problem. The temporal evolution of solute concentration is speciﬁed. The governing
equations are given by:

@c
¼ MðtÞ
@t

"

vw

#
@
@2
cðx; tÞ  Dw 2 cðx; tÞ ;
@x
@x

ð19Þ

where M accounts for unknown heterogeneities below the level of measurement resolution and c represents resident concentration. The transport velocity, v w is the unknown variable that is to be computed and due to the multiscale nature of the
problem, the dispersion coefﬁcient, Dw is uncertain. We assume here that Dw follows the lognormal distribution with mean
4 and standard deviation 0.2. The reader is referred to [41] and [42] for further details. The CTRW toolbox [43] for contaminant transport in porous media is used as a black box simulator for the problem. The following transform is used to convert
stochastic collocation points from [0, 1] support space (n space) to the lognormal support space (g space):

g ¼ eðerf

1

pﬃﬃ
ð2n1Þ 2rþlÞ

:

0.08

Level 1
Level 3
Level 4
Actual heat flux

0.07

0.06

PDF
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20
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24
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28

30

32

34

36

heat flux
Fig. 8. Comparison of optimal solution from SMF to actual heat ﬂux. The convergence of PDF of heat ﬂux with increasing number of collocation points for
unimodal case is shown.
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The concentration measurements are given temporally as cmeas ð1; tÞ. The task of reconstructing v w is posed as an optimization problem and the cost function is given by J ¼ ðEðcð1; tÞÞ  cmeas ð1; tÞÞ2 where cð1; tÞ is computed using the CTRW toolbox

0.04
Level 8
Level 6
Level 4
Level 2
Actual PDF

0.035

0.03

PDF

0.025

0.02

0.015

0.01

0.005

0
16
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24

26

28

30

32

34

36

Reconstructed heat flux
Fig. 9. Convergence of PDF of heat ﬂux with different levels of interpolation for the bimodal case.

Fig. 10. The ﬁgure shows a comparison between the mean of the reconstructed concentration and the original concentration proﬁles. Also, the bounds on
the reconstructed concentration proﬁles are shown which originates due to uncertainty in the dispersion coefﬁcient. ccomp represents the recomputed
concentrations.
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by solving Eq. 19 using the Laplace transform method, and E() represents the expectation operator. The stochastic SMF optimization technique was employed to solve this problem. A depth of interpolation of 5 with 33 collocation points was found
to be sufﬁcient (Fig. 10).
Since the dispersion coefﬁcient is not known with certainty, only a range of possible concentration proﬁles can be computed using the stochastic optimization technique. However, since the target data was the mean concentration, the expected
value of the predicted concentrations matches the measured concentrations. This problem illustrates how an arbitrary black
box PDE-based solver can be seamlessly integrated with our algorithm.
7. Summary and future work
In this work, we developed a stochastic optimization toolbox to efﬁciently perform optimization in the presence of uncertainties and in the absence of gradient information. A general algorithm was developed to perform optimization with both
stochastic parameters and stochastic design variables. We extended the convergence proof of the GPS technique by showing
convergence of mean and variances of the cost function and its gradient, and extending it to PDFs. In addition to the cost
function, the constraints can also be probabilistic. We successfully tested the method on two problems in solid mechanics
with reliability constraints. We then computed the PDF of heat ﬂuxes based on a PDF of temperature measurements for a
stochastic inverse heat conduction problem. The technique can be used with a deterministic black box solver and this ability
was showcased using an example involving contaminant ﬂow in porous media.
With this technique, we are able to get a computational gain of the order of 15 to 20 for problems with strict probabilistic
constraints, where tails need to be resolved to more than three standard deviations. However, for unconstrained problems
with smooth PDFs, a computational gain of more than 2 orders of magnitude is achieved over the MC technique. We can
further improve this by employing an adaptive collocation algorithm [39]. The number of d.v.s that can be optimized is limited since the number of function evaluations can become unwieldy if we consider hundreds of d.v.s. One way to deal with
this is to construct a coarse stochastic response surface and identify the most important d.v.s before performing
optimization.
In future work, we aim to make the optimization process more robust by improving the POLL step. The technique presented here is ﬂexible by design. It can be easily extended to incorporate recent advances in both polling [38] as well as
implementing constraints [34]. In a recently developed technique called OrthoMADS, the directions of polling are chosen
in such a way that they are orthogonal to other polling directions. This ensures a more uniform distribution of polling directions compared to the original MADS technique. We also plan to extend the algorithm to include the progressive barrier approach for implementing constraints. Further, we plan to use an adaptive technique for selecting the stochastic collocation
points that will generate a denser array of points close to areas of steep gradients.
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